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DIRICHLET PROBLEMS FOR PLURISUBHARMONIC 
FUNCTIONS ON COMPACT SETS 

EVGENY A. POLETSKY AND RAGNAR SIGURDSSON 



Abstract. In this paper we solve the Dirichlet problems for different classes 
of plurisubharmonic functions on compact sets in C" including continuous, 
pluriharmonic and maximal functions. 



1. Introduction 



\^ . To define plurisubharmonic functions on a compact set X one, first, introduces 

^ I the sets of Jensen measures J7^(X) on X with barycenter z & X as the weak-* 

+-J . limits of Jensen measures on neighborhoods of X. Then plurisubharmonic func- 

' tions are defined as functions with appropriate topological properties and satisfying 

subaveraging inequality with respect to these measures. 

Compact sets carrying plurisubharmonic functions appear rather naturally in 
pluripotential theory and the theory of uniform algebras but not too much is known 
^ ' about their structure. In particular, it is not known how flexible the space of 

Qy . plurisubharmonic functions on compact sets is. 

In this paper we approach this problem through a study of Dirichlet problems 
^~^ . for different classes of plurisubharmonic functions on compact sets in C" . To pose 

a Dirichlet problem we need a notion of a boundary. Our claim is that the natural 
boundary for plurisubharmonic functions is the closure Bx of the set Ox — {z dz 

o : ^ ^ ^-(^) = {^-»- 

The fact that it is natural is confirmed in Section [3] where we prove a generaliza- 
tion of the Littlewood subordination principle: Any Jensen measure is subordinated 
to a Jensen measure supported by Bx ■ Another confirmation comes in Section [4] 
where we show that if Ox = Bx then any continuous function on Bx can be 
extended to A as a continuous plurisubharmonic function. 

In Section [5] we describe compact sets on which any continuous function on Bx 
can be extended as a pluriharmonic function. We prove that such compact sets are 
rather rare: The Dirichlet problem for pluriharmonic functions can be solved if and 
only if for every z G A there is only one Jensen measure in j7z(A) supported by 
Bx. 

In Section [6] we look for maximal solutions of the Dirichlet problem. An example 
in this section demonstrates that, in general, this problem does not admit a con- 
tinuous solution. However, we prove that it always admits a lower semicontinuous 
solution with subaveraging property. We also give in this section a description of 
maximal functions in terms of Jensen measures. 
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In Section[7]we address the problem of covering the domain of a maximal function 
u with compact sets such that the restriction of u to each of these sets is harmonic. 
A result of Bedford and Kalka [BK] established the existence of such a covering by 
complex manifolds in a smooth, non-degenerate case. However, there are examples 
of continuous maximal functions (see, for example, [D] and jDLj ) where there are 
no coverings with analytic structure. We give a definition of harmonic functions on 
compact sets in terms of Jensen measures and provide sufficient conditions for the 
existence of coverings above. 

This paper was written when the first author was visiting the Department of 
Mathematics of the University of Iceland and the second author was visiting the 
Department of Mathematics of Syracuse University. We express our gratitude to 
both departments for their hospitality. 

2. Basic notions and facts 

Let D be the unit disk in C and T = 9D. For a set £' C D we consider the 
infimum v{z) of all positive superharmonic functions on D, extending continuously 
on D and greater than 1 on E. Then the function 

aj(z,_E,D) — liminf w(z) 

is called the harmonic measure of the set E with respect to D. The function 
uj{z, E, D) is superharmonic on D and harmonic on D when E C T. 

Let us denote by A the normalized arc length measure on T. Let / be a bounded 
holomorphic mapping of the unit disk D into C". Since / has radial limit values 
almost everywhere on T, we may consider / as a Borel measurable mapping of the 
closed unit disk D. The push-forward 

fif{E) = X{f-\E) n T) = 0.(0, f-\E) n T,e) 

of A by the restriction of / to T is a regular Borcl measure on C". The point 
Zf — /(O) is uniquely determined as the point such that 

Zf = z^if{dz). 

Let L = {/j} be a sequence of uniformly bounded holomorphic mappings of the 
unit disk B' into C" . The cluster limit set cl L, or, short, the cluster of the sequence 
L is the set of all points z € C" such that for every r > and infinitely many j 
the sets /;(©) H B{z,r) are nonempty, where B{z,r) is the open ball of radius r 
centered at z in C" . The sequence L is said to be weak-* converging if the measures 
fjif- converge weak-* to a measure /xl, i.e., 
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lim / (j}{z) ^f^{dz) = I (j){z) ^.L{dz) 



for every continuous function cj) on C". By the Alouglou theorem [CJ V.4.2], every 
sequence of uniformly bounded holomorphic mappings contains a weak-* converging 
subsequence. If L = {fj} is weak-* converging then the sequence {zf.} converges 
to a point z/,, which we will call the center of L. 
A point z G cl L is called totally essential if 

VL{zL,V,L) = liminfw(0,/-^(l^),D) >0 



for every open set V containing z. Clearly, the set easL of totally essential points 
is closed. Other points in cl L are called nonessential. 

If a sequence L = {fj} is weak-* converging, then supp L = supp fiL is compact, 
every point z S suppL is totally essential, and suppL = {^l} if and only if essi = 
{zl}- Such a sequence is called totally perfect if all points of its cluster are totally 
essential. All subsequences of a totally perfect sequence have the same cluster and 
are totally perfect. 

By |P2[ Th. 2.2] li L = {fj} is a weak-* converging sequence then for every 
zo £ clL there is a totally perfect sequence M such that zm = zl, zq S clM, 
Mm — I^L, clM C clL, and cl Af contains all totally essential points of L. 

Let X be a compact set in C". We denote by T{X) the set of all totally perfect 
sequences L such that c\L C X and by A^(X) the set of all measures ^l, L G T{X). 
If a point z G X we denote by Tz{X) the set of all L g T{X) such that z^ — z. 
Let Aiz{X) be the set of measures /i^, L e Tz{X). 

A function u on X is plurisubharmonic if it is upper semicontinuous and 
u{z) < ^l{u) for all L £ Tz{X). We allow plurisubharmonic functions to assume 
— oo as its value and we say that a function on X is continuous if it continuously 
maps X into [— (X),cx)). We will denote the space of plurisubharmonic functions 
on X by PSH{X). Let PSH''{X) = PSH{X) n C{X). A function u{z) on X is 
plurisuperharmonic if —u C PSH{X). 

It was proved in P2, Cor. 3.1] that every function u £ PSH'^{X) is the limit of 
an increasing sequence of continuous plurisubharmonic functions defined in neigh- 
borhoods of X . 

A Jensen measure on X with barycenter zq £ X is a regular nonnegative Borel 
measure /i supported by X such that /i(X) = 1 and u{zo) < ^{u) for every plurisub- 
harmonic function u on X . We denote the set of such measures by Jz^iX). Clearly, 
this set is convex and weak-* compact. By jP2| Thm. 3.2] M.zo{X) = Jzo{X). 

Jensen measures enjoy the following compactness property. 

Lemma 2.1. Suppose that {A"j} is a decreasing sequence of compact sets in a closed 
hall B C C", X ~ ^Xj and a point Zj £ Xj. Let {/ij} be a sequence of measures 
such that Hj £ J'z {Xj). Then any limit point fi of this sequence in C*{B) belongs 
to J'zaiX), where Zq is a limit point of {zj}. 

Proof. Let Lj ~ {fjk} G Tzoi-^j) be totally perfect sequences such that ^^^ = /ij. 
We may assume that the measures fj,j converge weak-* to fi and /^^(D) lies in the 
1/j-neighborhood of X. Since the space C{B) is separable the weak-* topology on 
the unit ball of C*{B) is metrizable. Hence we can choose a sequence L = {fjk } 
such that the measures fJ-f^. converge weak-* to fi and points /jfe (0) converge 
to Zq. Clearly, clL C X, zl — zq and, by |P21 Thm. 2.2], we may assume that 

L £ Tzoix). Thus ^l = ^lLe Mzoix) = Jz„{X). o 

If (/i is a function on X then we denote by Ex(f> the upper envelope of all con- 
tinuous plurisubharmonic functions u < (/> on X. The main tool in dealing with 
Jensen measures is 

Theorem 2.2 (Edwards' Theorem). Let cj) be a lower semicontinuous function on 
a compact set X C C". Then 

^x0W = inf{/x(0) : tx£Jz{X)}. 

Moreover, the infimum is attained. 
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Formally, the infinium above should be taken over Jensen measures with respect 
to P S H^ {X) . But it was proved in [P2 that if /^ is a regular nonnegative Borel 
measure on X and u(zo) ^ m(") for every continuous plurisubharmonic function u 
on X, then /i is a Jensen measure. 

For a point z e X we define the set I^ as the set of all points w € X such 
that w € c\L for some L e Tz{X). Let Ox be the set of all points z G X such 
that Iz = {z} or, what is the same, J^z{X) — {Sz}- It was shown in |P2j that the 
set Ox is nonempty. We denote by Bx the closure of Ox- We shall call Bx the 
potential boundary of X. We let J^{X) be the set of all ji £ Jz{X) such that 
supp/i C Bx- By yi Bx is the minimal closed set such that for all points z £ X 
there is L e Tz{X) with suppL C Bx- Thus J^{X) is non-empty for all z £ X. 

The following simple lemma says a little bit more about Bd l - 

Lemma 2.3. Let X be a compact set inC^, zq G X, L G Tzq{X) andswppL C Bx- 
IfY = clL then By C Bx- 

Proof. By [P2, Lemma 2.2] for every z G Y there is M G Tz{Y) such that supp hm C 
supp L. Since supp L C i?x we see that any point z G cl L \ Bx does not belong to 
By- □ 

3. The Littlewood subordination principle 

For fijV (z J^z{X) we say that v is subbordinated to // and denote it // ^ i^ if 
/i(u) > j/(m) for all u G PSH'^{X). Clearly, \i ijl>v and v >rj, then tih V- 

Lemma 3.1. If ^^v G J72(^), fJ. ^ i^ and v^ ^, then fi — v. 

Proof. Clearly, /i(u) = j^(u) for every u G PSH'^{X). If a function G C^(X), i.e. 
is a C^ function defined on a neighborhood of X, then u{z) — (f)(z) + fc|zp G 
PSH'^{X) when fc is sufficiently large. Since (j){z) = u{z) — k\z\'^ we see that 
/x((^) = i^((/)). Approximating a function G C{X) by functions from C^(X) we 
derive that /i(0) = i^((/'). Hence fi = v. D 

It follows that /i ^ J/ is a partial order on J'z{X). A measure // G J^zi^) is called 
maximal if there is no i/ G ^/^(A) such that j^ ^ /i and v ^ [i. It is known (see [Phi 
Lemma 4.1] that for any v G i7z(A) there is a maximal /i G i7z(A) such that /i h f^- 

The theorem below is a version of the classical Littlewood subordination prin- 
ciple. Since this principle has many different interpretations we state and prove 
what we have in mind. Before we do it let us recall that if a subharmonic function 
^ — oo on D has a harmonic majorant, then (see |Ga| Ex. 11.17, 19]) it has the 
least harmonic majorant h and (j) — h + u, where m is a subharmonic function on D 
whose radial limits are equal to a.e. on T and 



Z7V 

lim [ u{re''')d9 = 0- 
r-,l- J 



If 

2ir 



|P = limsup / \h{re''^)\P de <oo 





for some p > 1, then (see |Gol Thm. IX. 2. 3]) h has radial limits h*{e ) a.e. on T, 

h{z)^ — f P{z,d)h*{e'^)de, 
27r J 



where P is the Poisson kernel, and 



Consequently, (j> has radial limits 4>*{e^^) = h*{e^^) a.e. on T and 

2ir 27T 

lim f (t){re''^)d9:^ f cj)* {e'^ ) d9 . 



Theorem 3.2. // a subharmonic function (p ^ — oo on B has a harmonic majorant 
h with \\h\\p < oo for some p > I, then 

2ir 2;t 

^J{^ofne^')d9<l-Jr{e'')de 



for any holomorphic mapping / : D — > D with f{zQ) = 0. 

Proof. First, we assume that / is continuous up to the boundary and /(D) C B. 
Then 

2ir 2-K 2-K 

^ / 0(/(e^')) de<l^j h{f{e^%) de = h{Q) = i- 1 0*(e^«) dO. 



In the general case, for < r < 1 we let /r(C) = /(''Oj ICI ^ 1- Since |/i|p, p > 1, 
is a subharmonic function on D by the previous result 

271- 27r 

\h{fr{e''Wde< j\h*{e'')\Pde. 



Hence, ||ft- o /Up < oo and 

2ir 2-K 2ir 

of)*{e'^)de= lim /"0(/,.(e'^))d6l< /</)*(e''^)d6l. 



D 

The following theorem is a generalization of this principle. 

Theorem 3.3. Let X C C" be a compact set, zo E X and /i G J'zg{X). Then there 
is a measure v G J^ (X) such that v )^ [i. 

Proof, li f : D — > C" is a holomorphic mapping and /(B) C B, where _B is a closed 
ball in C", then 

2ir 271 

^hm J 4>{f{te'')) de^ J 4>{f{e'')) dO 
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for every function £ C{B). This means that if /t(C) — f{tC,)^ < t < 1, then 
measures /^/^ converge weak-* to /z/ as t — > 1^. 

Since the space C{B) is separable, the unit baU in C*{B) is metrizable. There- 
fore, if L = {fj} is a weak-* converging sequence such that /j(ID)) C B, then there is 
a sequence {ij}, < ij < 1, such that the sequence M of gj{C) — f{tjC) converges 
weak-* to /i^- Moreover, clM C clL. 

Let L — {fj} e 7^0 (X) be a weak-* converging sequence such that /i = fi^. By 
the argument above we may assume that the mappings fj are holomorphic in a 
neighborhood of D. 

Let Vj be a sequence of open sets such that Vj+i CC Vj and CiVj = X. We take 
a decreasing sequence of open sets Wj CC Vj, such that Bx C Wj and nM^j = Bx- 

Take i^j e C{Vj) with supp^j CC Wj and such that 4>j > —1 and (j>j = —1 on 
Bx- Let 

fj(z) = Ev-4'j{z) = sup{u : w is plurisubharmonic on Vj and v < (f)j}. 

It is known (see, |Plj ) that t^j is plurisubharmonic on Vj. By [P2, Cor. 4.2] for every 
z E X there is cr G i7z(X) such that supper C Bx- So — 1 < Vj{z) < <7{cj)j) = — 1. 
Hence Vj — —1 on X . 

For any j we let Uj — {z £ Vj : Vj{z) < —1 + e-,}, where the sequence of positive 
numbers {ej} converges to 0. The sets Uj are open subsets of Vj containing X. 
Since clL C X, for every j there exists kj such that fk(^) C Uj when k > kj. 

By Lemma 2.7 in jLS| (see also equations (2.4) and (2.3) there) for every k > kj 
there is a holomorphic mapping Fjk : D x B — > C/^ such that Fjk{C,0) — fk{C) for 
all C e D and 

1 f^'' 
< :^ / «j(/fe(e*')) de + e, < -1 + 2e,. 

We introduce the measures /ijfc, k > kj, by 

for aU (/) G Co(V,). Clearly ^jt e Jzo(V,), where zq is the barycenter of /i. 
If u is plurisubharmonic on Vj , then 

fi,k{u) ^^ r [ \{Fju{e'\e'^))dedi> > -^ / \(F,fc(e*^0)) dfl 
/-[^x 47r^ 7o Jo ^7^ Jo 

= ^jJ<h{e''))de = iifM- 

Hence fijk{u) > ^f^(u) for all plurisubharmonic functions u otiVj. 
Since supp (j)j C Wj , we have 

(2) t^jk{Wj)>-^j j <i>,(F^k{e'\e'^))ded^>l-2e,. 

By Alaoglou's theorem for each j the sequence /ij^ has a limit point /ij which 
by Lemma [2T] belongs to j7zo(yj). By ([T]) ^j(u) > Hf^iu) for every fc > fcj and 
every plurisubharmonic function u on Vj^i and by ([2]) /ij(Wj_i) > 1 — 2ej. If u is 
a continuous plurisubharmonic function on Vj^i, then y^j(M) > limfc_i.oo /i/t (w) = 

6 



/i(m). Again by Alaoglou's theorem and Lemma l2.ll the sequence {fJ.j} has a hmit 
point ly £ Sfzai^)- Clearly, if m is a continuous plurisubharmonic function on 
a neighborhood of X, then v{u) > n{u). Moreover, since ^jLjiyVj-i) > 1 — 2ej, 
viBx) — 1- Hence, supp:^ C Bx and v S j]!^{X). 

If u is continuous and plurisubharmonic on X, then by [P2, Cor. 3.1], there is 
an increasing sequence of continuous plurisubharmonic functions Uj each defined 
on some neighborhood of X, such that u = limuj on X. Since i'{uj) > fJ-iuj) for 
all j we get iy{u) > fJ.{u). D 



Combining Lemma 13.11 and Theorem 13.31 we obtain the following corollary. 
Corollary 3.4. If fj, is a maximal Jensen measure on X then supp/i C Bx- 

4. 0-REGULAR COMPACT SETS 

We say that a point z Cz X is a peak point if there is a plurisubharmonic function 
M on X such that u{z) = and u{w) < when w ^ z. It was shown in [P2j that 
Ox is the set of all peak points. 

Lemma 4.1. If zq € X is a peak point then there is a continuous plurisubharmonic 
function u on X such that u{z) = and u{w) < when w ^ z. 

The proof is based on the following lemma 

Lemma 4.2. // for every neighborhood V of a point z Cz X there is a negative 
continuous plurisubharmonic function u on X such that u{z) = —1 and u{w) < —2 
when w £ X \V , then there is a continuous plurisubharmonic function u on X 
such that u{z) — and u{w) < when w j^ z. 

This lemma was proved in |P2j (see Lemma 3.2) for plurisubharmonic functions. 
But the proof holds without any changes for continuous plurisubharmonic functions. 

Proof of Lemma \4.1\ We just need to verify the conditions of Lemma [4.21 Let 
us take a continuous function <^ on X such that 4>{zo) = —1, 4'{z) < —1, z ^ zq 
and (f>{z) < —4 on X \ V, where F is a neighborhood of zq. Let v{z) — Ex<j>- By 
[P2| Lemma 3.1] v{zo) — —1, w < — 1 on X \ {zq} and v < —4 in X \ y and there 
is an increasing sequence of continuous plurisubharmonic functions Vj , defined on 
neighborhoods Vj of X, converging pointwise to v. Hence we can find a continuous 
plurisubharmonic function Vj on X such that —2 < Vj{zq) < —1, Vj < —1 on X 
and Vj < —4 on X \V . The function u{z) = —v{z)/v{zq) is negative, u{zq) = —1 
and u < ~2 on X \ y. Hence the conditions of Lemma [4.21 hold. D 

The classical maximum principle, stating that a non-constant plurisubharmonic 
function cannot achieve maximum outside of the boundary, does not hold for com- 
pact sets. For example, if X = {{C,t) : C e ©,< e [-1,1]} C C^, then PSH{X) 
consists of all upper semicontinuous functions on X subharmonic in C, for each t and 
Bx = {(C,i) : C e T,i e [-1,1]}. So the function u{C„t) = 1 - i^ is in PSH{X) 
and attains its maximum at (0,0) away from Bx- 

But the weak maximum principle holds. 

Theorem 4.3. If X is a compact set in C" and u E PSH{X), then u{z) < 
^^PweBx "(^) /"'^ all z e X. 

Proof By ^P2i Thm. 4.2] for all points z e X there is L £ Tz{X) with supp L C Bx ■ 
Hence u{z) < ijll(u) < sup^^g^^ u{w). D 



A compact set X in C" is called O -regular li the set Ox is closed. As the following 
theorem shows such sets admit continuous solutions in the class of plurisubharmonic 
function for the Dirichlet problem with continuous boundary data on Bx- 

Theorem 4.4. If X is 0-regular, then for every <j) G C{Bx) there is a continuous 
plurisubharmonic function u on X equal to (j) on Bx ■ 

We start the proof with an approximation of our solution u 

Lemma 4.5. Under the assumptions of Theorem \4-4\ for every e > there is a 
continuous plurisubharmonic function u on X such that 

4> — e < u < (j) on Bx 

and u > miiizeBx '/'(-^) o?i X . 

Proof. For w £ Bx let m^, be a continuous plurisubharmonic peak function at w 
on X. Since (j){z) — (j){w) > — e/2 on a neighborhood U of w, there is a constant 
Cw > such that the function 

Vw{z) = 4>{w) + Cj^u^{z) - e/2 < (j){z) 

on Bx- Then fm(w) = (t>{w) — e/2. 

Let 14) = {z g Bx ■ Vw{z) > 4>{z) — e}. Since V^ is a non-empty relatively open 
set in Bx containing w there is a finite cover of Bx by sets Vw , 1 < j < m. If 
a — rmrizizBx 4'{z), consider the function 

u{z) — niaxja, Vwiiz), . . . , Vw,^{z)}, z E X. 

Then m is a continuous plurisubharmonic function on X and a < u < (j) on Bx- 
Moreover, if z € V^^ , then u{z) > v^- (z) > (j){z) — e. D 

Now we turn to the proof of Theorem [ 



Proof- By taking e — 1/2 in Lemma l4.5l we can find a continuous plurisubharmonic 
function ui on X such that (j)— 1/2 < ui < (jj on Bx- Let (jji = — ui be a function 
on Bx- Then < (/)i < 1/2 on Bx- Again by Lemma [4.51 we find a continuous 
plurisubharmonic function U2 on X such that U2 > on AT and 0i — 1/4 < M2 < 0i 
on Bx- By the maximum principle U2 < 1/2 on X- Let 02 = 0i ^ M2- Then 
< 02 < 1/4. 

Suppose that for j = 2, 3, . . . , fc the functions Uj and (f>j have been chosen such 
that: 

(1) Uj are plurisubharmonic and continuous and < Uj < 1/2^^^ on X- 

(2) <j)j are continuous, < (pj < 1/2-', (f>j-i — 1/2-' < Uj < 4>j-i, and <j)j = 
0-,_i -Uj on Bx, 

By Lemma 14.51 we find a continuous plurisubharmonic function Uk+i on AT such 
that Uk+i > on A" and 

(j>k - 1/2'=+! < Uk+i < 0fc on Bx 

By the maximum principle u^+i < 1/2*^ on X- Let (?!)fc+i = 4'k — Uk+i- Then 
< 0fc+i < 1/2*^+^ on Bx- Thus the functions with the properties (1) and (2) are 
defined for all natural j - 
Now we let 

oo 

u{z) = y Uj{z), z E X- 

3 = i 



Then u is continuous and plurisubharnionic on X. Moreover, for every k we have 

oo oo 

(j) - U = (j> ~'^Uj = 4)k ~ ^ Uj 
j=l j=k+l 

on Bx- Since the right hand side tends to as fc — > oo we have proved that u = (j) 
on Bx- □ 

5. POISSON SETS 

A continuous real valued function h on X is said to be pluriharmonic if h{z) — 
fi{h) for all jJ. ^ Jz {X). A compact set is called a Poisson set if for every (f) £ C{Bx) 
there is a pluriharmonic function h on X such that h — (p on Bx- 

Theorem 5.1. A compact set X C C" is a Poisson set if and only if for every 
z £ X the set J^{X) contains only one measure. This measure will he denoted by 

Pz- 

Proof. Suppose that X is Poisson, z £ X and /ii,/i2 G >Jz{X). Let (p G C{Bx) 
and let m be a pluriharmonic function on X such that u — (j) on Bx- Then u{z) — 
A*i(0) = A*2(0) and we conclude that /ii — ^,2- 

Now suppose that for every z £ X the set J^iX) = {Pz}. Let £ C{Bx) and 
h{z) = Pz{(j)). Let us show that h is continuous. Suppose that the sequence Zj in 
X converges to z. Switching if necessary to a subsequence, we may assume that 
the measures Pz^ converge weak-* to some measure /z £ J^{X). By assumption, 
fi = Pz and h{z) = lim^^oo Pz^ (h) = limj_j.oo h{zj). 

Let us now prove that h is plurisubharnionic. By Theorem 14.41 we can find a 
continuous plurisuperharmonic function w on X equal to </> on Bx- The function 

Exv{z) = [ni{fi{v) : fi £ Jz{X)} 

is lower semicontinuous, and fi{Exv) > Exv{z) for all fi £ J^z{X). 

By Theorem 13.31 for every /i £ Jz{X) there is z/ € J^{X) such that for every 
continuous plurisubharnionic function u on X we have ^{u) < ^{u). By assumption 
we have J^^i-^) — {Pz}- Hence /i(u) < Pz{u) for every jjl £ Jz{X). Since v is 
plurisuperharmonic, ^{v) > Pz{v). Hence Exv{z) = Pz{v) — h{z). Since h is 
continuous and h{z) < fj.{h) for all fi £ J^z{X), the function h is plurisubharnionic. 

Now we prove that h is pluriharmonic. If /i G J^z{X), z £ X , then 

h{z) < H{h) < Pz{h) = Pz{4>) = h{z) 

Hence h[z) — fJ-{h) and h is pluriharmonic D 

6. Maximal solutions of the Dirichlet problem 

In this section we prove the existence of maximal solutions for the Dirichlet 
problem on a compact set X C C". The Dirichlet problem for plurisubharnionic 
maximal functions is to find a maximal function on X equal to the given function 
(j) on Bx. Even ii (j) £ C{Bx) an upper semicontinuous solution does not need 
to exist. For example, if Xi = {(2:1,0) : 21 £ D}, X2 — {(0,22) : Z2 G D} and 
X = ATi U X2 C C^, then Bx is the union of the sets Bx^ = {{zi,0) : z\£ T} and 
Bx-2 = {(0, 22) : Z2 £ T}. If = 1 on Bx^ and on -Bj^jj then a maximal solution 
of the Dirichlet problem with the boundary values should be equal 1 on X\ and 



to on X2. So at the origin we have to choose between and 1. If choose 1 we 
loose the subaveraging property and if we choose we loose upper semicontinuity. 
It seems more reasonable to save the subaveraging property and introduce the 
cone of weakly plurisubharmonic functions on X denoted by PSH^{X). A function 
belongs to PSH^{X) if it is the upper envelope of a family of continuous plurisub- 
harmonic functions on X . Such functions are lower semicontinuous and satisfy the 
subaveraging inequality for every z ^ X and every ^ g i/z(X). In particular, the 
envelopes of continuous functions are weakly plurisubharmonic. 

Lemma 6.1. A function u G PSH'^{X) if and only if u is the limit of an increasing 
sequence of continuous plurisubharmonic functions defined on neighborhoods of X . 

Proof. We will prove only the necessity of this condition because the sufficiency is 
trivial. Since u is lower semicontinuous, it is the limit of an increasing sequence 
of continuous functions (pj on X. For every j and z ^ X find a function Vjz G 
PSH'^{X) such that Vjz < u and Vjz > 4>j — 2/j on a non-empty neighborhood 
Ujz of z. Choose finitely many points Zji, . . . , Zjk- such that the sets Ujzf, cover 
X and let Vj = maxjuj^.j,, 1 < A: < kj}. The functions Vj G PSH''{X), Vj < u and 
Vj > (t)j - 2/j. 

By Corollary 3.1 from |P2] each Vj is the uniform limit of an increasing sequence 
of continuous plurisubharmonic functions defined on neighborhoods oi X . So for 
each j we can find a continuous plurisubharmonic function Uj defined on an open 
neighborhood Yj of X such that Uj < u and Uj > (f>j — 1/j on X. Clearly, the 
sequence Uj = max{ui, . . . ,Uj} satisfies all requirements. D 

Let Z he a closed set in X containing Bx ■ A weakly plurisubharmonic function 
w on A" is maximal on A \ Z if for every relatively open V G X\Z and any function 
V G PSH'^iy) the inequality u < m on the relative boundary dxV of y in A implies 
that V < u onV . li Z ~ Bx then we say that u is maximal. 

It should be noted that our definition of maximal functions on compact sets 
differs from the definition of maximal functions on open sets. For example, if 
X — D then the functions u{z) = and v{z) = |zip — 1 coincide on Bx = T^ and 
both are maximal on D^ in the sense that their Monge- Ampere mass is equal to 0. 
However, the function v is not maximal on A according to our definition. 

The weakly plurisubharmonic maximal functions have the following description. 

Theorem 6.2. Let X C C" be a compact set, let Z be a closed set in X containing 
Bx and let u G PSH^{X). Then u is maximal on X \ Z if and only if for any 
zq G A there is a measure fi G j7zo(A) such that supp/x C Z and fi{u) — u(zq). 

Proof. Suppose that u is maximal on A \ Z. Let ^ be a continuous function on A 
equal to on Z and greater than on A \ Z. We define v = Ex{u + 4>). Since 
u + (f)<uo'aZ,v<u. On the other hand, for every 2 G A 

v{z) = inf{/i(u + 0) : ^ G Jz{X)} > Exu{z) = u{z). 

Hence v ^ u. Edwards' Theorem now gives that there exists a measure fj, in j7zo(A) 
such that /i(u + (f>) — u(zo). If (A \ Z) D supp/i is non-empty, then ^{u + (())> 
fj,(u) > u(zo). Thus supp/i C Z and u(zq) — ii{u + (j)) = fJ'iu). 

Now suppose that for any zq G A there is a measure /j, G j7zo(A) such that 
supp^ C Z and /x(u) = u{zo). To show that u is maximal on A \ Z, we consider 
a relatively open subset y of A \ Z and a continuous plurisubharmonic function v 
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on V such that v < u on dxV. Then we assume that zq ^ V and take a totaUy 
perfect sequence L = {fj} e Tz„{X) with /i^ = M- 

Let M^ be an open set in C" such that V = X (IW a.ndV = X nW. Let Dj 
be the connected component of f7^{W) containing the origin. We let aj : D — )■ Dj 
be a holomorphic universal covering with aj{0) — and consider the sequence 
^ — {93} ^ 9j = fj ° ^j- Clearly c\M CV and zm — zq. 

Switching to a subsequence if necessary we may assume that the measures ^g . 
converge weak-* to a measure /j,m- We claim that supp/iA/ C dxV. 

To prove it we take a relatively open set U C V such that U C V \dxV. We 
also take an open set Y in C" such that U — Y (IX and Y CC W. Let Ej be the 
set of all C e T where aj has a radial limit. We will denote this limit by a*(C). Let 
Fj C Ej be the set where gj has a radial limit and this limit belongs to Y. Our 
goal is to prove that X{Fj) — >■ 0. Since /ig- = X{Fj) it will show that /ig.(F) -^ 
and, consequently, fiMiY) = 0. Thus supp/iA/ C dxV. 

Our first observation is that if C G Fj and a|(C) = C ^ D, then /j(^) e Y CC VF 
and, therefore, ^ € I?j. But Oj is a universal covering and, therefore, a*(C) G f^^j- 
and this contradiction shows that a*(C) S T. Hence the set Gj = a*{Fj) lies in T. 

If ^ G Gj then we can find ( e Fj such that the path aj{rQ, < r < 1, lies in D 
and ends at a*{() — ^ G T. Since gj has a limit along the path r^, < r < 1, /j has 
a limit along the path aj{rQ, < r < 1. By Lindelof's theorem, fj has the radial 
limit at ^ and lim^_j.i- fj{r^) = lim^^i- gj{rC,). So, we have shown that fj has a 
radial limit at all points of Gj and fHGj) C Y . Since F n Z = and supp/i C Z , 
fJ-f^(Y) -^ 0. Hence A(Gj) ^ 0. 

Let us show that also X{Fj) — > 0. For this we take an open set Hj C T such that 
Gj C Hj and X{Hj) ^ 0. Let hj{C) = w(C,i7j,I])) and hj{Q = hj{aj{Q) for C e ©. 
Then for every Co G Fj we have 

lim hj{rCo) = hm hj{aj{rCo)) = 1, 

because a*(Co) e G^- Thus, w(C,F,-,]D)) < hj{(). Since aj(0) = 0, 
X{Fj) = a;(0,F,-,I])) < /ij(0) = /ij(0) = A(iJj). 

Thus X{Fj) -> and supp^Af C <9xl^- 

By Lemma |6. II for any e > we can find a continuous plurisubharmonic function 
w defined on a neighborhood of X such that w < u on X and Hm{u) < ^j,]\i{w) + e. 
So we may consider functions Wj — w o fj when j is large. 

By Theorem [3j 

1 r2ir 1 c2ir 

r / , , iflNN .„ , r 



Ms. (^)^Tr ^J («^ (e ))de<— Wj{e''')d6^ ^,f^ (w) 

and we see that ^m{w) < Mi('"^)- Since /xa/ G i7zn(T^), we have v{zq) < ^m{v) < 
^m(u). Therefore, 

v{zo) < Mm(u) < Ma/(w) + e < Ml(w) + e = u(zo) + e. 

Since e > is arbitrary we see that v(zo) < u{zq). Hence u is maximal. D 

So in the example at the beginning of this section the function u equal to on 
X2 and 1 on Xi \ {0} is maximal and weakly plurisubharmonic. 
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The theorem below estabhshes the existence of maximal solutions of the Dirichlet 
problem which satisfy the subaveraging inequality but are lower semicontinuous. 

Theorem 6.3. Let X be an 0-regular set and let (j) be a continuous Junction on 
Bx ■ Define u by 

u = sup{w : V € PSH''{X),v\bx < </>}■ 

Then u has the following properties: 

(1) u is lower semicontinuous and weakly plurisubharmonic on X ; 

(2) for every z G X 

u{z) = lni{^,{^) : M G J'^X)}; 

(3) for every z E X there is fj. E J^{X) such that u{z) = /i(u); 

(4) u = (j) on Bx and lini^^^„ u{z) = 4>[zo) for every zq £ Bx; 

(5) u is maximal on X; 

(6) u is the only weakly plurisubharmonic maximal on X function equal to (j) 
on Bx- 

Proof. (1): Since m is a supremum of a family of continuous functions, u is lower 
semicontinuous and weakly plurisubharmonic on X . 

(2): Let ui{z) = inf{/i((/)) : fi E J^^{X)}. It is obvious that u{z) < ui{z) because 
every v E PSH'^{X) such that v\bx — 4' satisfies this inequality. By Theorem 14.41 
there is a continuous plurisuperharmonic function U2 on X equal (j) on Bx- Let 

U3 = sup{w : V E PSH''{X),v < ua}. 

Clearly, u^ < u. By Edwards' Theorem ^3(2) = inf{/i(u2) : /i E Jz{X)}- By 
Theorem 13. 31 for every /i E Jz{X) there is a measure v E J^{X) such that /i(u2) > 
1/(^2) • Hence 

u^{z) = inf{/x(u2) : /i E J^ix)} = inf{^(0) : /i E J^ix)} = ui{z). 

Thus M = wi. 

(3): Since the set j!!{X) is weak-* compact, by (2) there is ^^ G J^iX) such 
that u{z) — fj.z{4>)- 

(4): Suppose zq E Bx and take a sequence {zj} in X converging to zq- Since 
JzoiX) = {Szoj, by (3) u{zq) = ^(zo)- Let us take Hj E Jz^iX) such that Hzjiv) = 
u(zj). The sequence {/ij} must converge weak-* to 5zo^ otherwise j7^o(X) will 
contain a measure different from 5za- Hence limM(2:j) ~ 4>{zq) = u{z()). 

(5): Follows immediately from Theorem 16.21 

(6): Let w be a weakly plurisubharmonic maximal function on X equal to i/i on 
Bx- Since by (3) for every z E X there is /i e J'^{X) such that u{z) — fJ,{u), 
v{z) < iJi(4>) = u{z)- Thus V < u- 

On the other hand since v is maximal on X, w is greater or equal than any 
continuous plurisubharmonic function which does not exceed on Bx- But u is 
the upper envelope of the latter functions and this implies that u < v. Hence 
u — V. D 

We will call the function u from the theorem above the maximal solution of the 
Dirichlet problem with a boundary value (/)- 
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7. Harmonicity of maximal functions 

Given a weak-* converging sequence L ~ {fj} and a point z G cli we denote 
by JT^{L) all measures /i for which there are a subsequence {jk} and a sequence 
of holoniorphic mappings gk '■ D — > D such that the measures /x/j^, hk = fj,. ° gk, 
converge weak-* to /i and points hk{0) converge to z. Let Jz{L) be the convex 
envelope of J^{L). Clearly, Jz{L) C Jz{c\L). A totally perfect sequence L is 
called ample if Jz{L) = Jz{c^L) for all z e clL. 

Let us denote by PSH'^{L) the set of continuous function u on cli such that 
u{z) < ^{u) for every z G clL and every /i G JTz{L). A sequence L is ample 
if and only if PSH'^{L) = PSH'^{c\L). Indeed, the necessity is clear and the 
sufficiency follows from the Hahn-Banach and Edwards' theorems. Indeed, if there 
is /i G i7z (cl L) \ Jz (L) then there is a continuous function (p on c\L such that 

fi(4)) < inf I'icf))- 
veJAL) 

By Edwards' theorem the infimum above is equal to the value at z of the envelope 
of (j) in PSH'^{L) which, in turn, is equal to Ec\l4>{z)- But the latter value does 
not exceed ^{(j)) and we got a contradiction. 

Let L ~ {fj} be a perfect sequence. A continuous plurisubharmonic function u 
on X = cli is said to be harmonic on L if fJ.{u) =^ u{z) for every z G clL and every 
A* £ Jz{L)- A continuous plurisubharmonic function u on a compact set X is said 
to be harmonic if ^{u) = u{z) for every z G X and every /i G J^z{X). 

The theorem below relates harmonicity and minimizing sequences. But before 
we have to prove a technical lemma. 

Lemma 7.1. Let L = {fj} be a totally perfect sequence in C" and let {Aj} he a 
sequence of closed sets m ID) \ {0} such that luj — cj(0, Aj, D) — > as j' —> oo. Let 
Pj be a holomorphic covering mapping of Dj = D \ Aj such that pj{0) — 0. Then 
the sequence L' ~ {fj o Pj} is totally perfect, z^i ~ zl, c\L' = c\L, and /i^/ — fi^. 

Proof. Let gj — fj o pj. We start with proving that /i^' — Mi- If f/* G C(C") then 
IJ-f{(j)) — Uj{0), where Uj is a harmonic function on D equal to 0^ — (j) o fj on T, 
while fj,g.{(j)) = Vj{0), where Vj is a harmonic function on D \ Aj equal to (jjj on 
TuaAj.' Hence 

Ia^/.W - i^gA^)\ = l%(o) - ^A(^)\ < UiW^j- 

Since the sequence L is uniformly bounded we see that fi^i — ii^. 

Clearly, zl' = zl andclL' C c\L. If z G cli, r > and e^ = a;(0, /~^(B(z, r)),D), 
then ej > a > 0. Now the same reasoning as above shows that uj{0, gJ^{B{z, r)), D) > 
a — (jjj and this tells us that z G cli' and L' is totally perfect. D 

Now we can prove the theorem. 

Theorem 7.2. Let X C C" be a compact set and u G PSLP{X) be a plurisubhar- 
monic function. If L = {fj} G Tz„{X) and u{za) — ^l{u), then there is a sequence 
^' — {dj} *" '^o(^) such that clL' = clL, jjll' = Hl and u is harmonic on L' . 
Moreover, there is a sequence {Hj} of harmonic functions on O such that 

lim Hj^iCrn) = u{z) 



7-00 



for any subsequence jm and any sequence {Cm} C B such that the points gj^iCm) 
converge to z (z cl L' 
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Proof. By Lemma 3.1 from |P2j there is an increasing sequence of continuous 
plurisubharmonic functions {uk} on neighborhoods Vk of X converging pointwise 
to M on X. It foUows that the functions Uk converge to u uniformly on X. So if 
is a continuous extension of u to C", then we can assume that \uk — 4>\ < 1/fc on 
Vk. 

For every k we consider the functions Ujk = Uk ° fj which are defined when j is 
large. Let Fjk be the harmonic functions on ID equal to Ujk on T. Then Fjk > Ujk 
and F.jk{Q) = i^fj{uk)- 

Let 4 = |u(zo) - ML("fe)l- Since 

lim ^iL{uk) = ^J'L{u) = u(zo), 

we see that the sequence {Sk} converges to 0. Since limj^oo A*/j (uk) — ^-hiuk) for 
each k we can find jk such that \^f. {uk) — ^J.L{uk)\ < ^/k. Hence 

0<F,,fe(0)-Mfc(zo) 

= ^lf-^ (uk) - fJ-Liuk) + fiLiuk) - u{zo) + u{zo) - Ufe(zo) 

2 

< 7 +4 =7fc- 
k 

Let VkiO - Ukifj.iO) - Fj.kiC) and let Ak = {C e B : Vk{C) < -^T^}. 
The functions Vk are negative and subharmonic on B and Wfc(O) > — 7fe. By Two 
Constants Theorem Wfc(O) < -^/oi'w(0, Afc,©), i.e., uj{0,Ak,B) < ^f%. 

Let Dk = U \ ^fc and let pk be a holomorphic covering mapping of Dk by D such 
that Pfe(O) = 0. We let gk = fj^ o pk. If Wk = UkO gk and i^fe := Fj^^ o pk, then 

> Wfe - Ffe > -^/t^ 

on D. Hence, if iJfc is the harmonic functions on JED equal to Wk on T, then 

> Hk - Fk > Wk - Fk > -^/7fc 

on D. Therefore, 

(3) 0>Wk-Hk^Wk-Fk+Fk-Hk> -2^. 

We let L' = {.gfc}. By Lemma \7A\ L' € 7^q(X) is totally perfect, fiL' = Ml and 
cli = clL'. If z e clL and i' E J'^{L), then there are a subsequence {fcm} and a 
sequence of holomorphic mappings q™ : D ^ ED such that v = hm and z = zm, 
where M = {hm} = {fffc,„ ° 9m}- Let C™ = gm(0). Consider the mappings 

c + c« 



em(C) = 9k„ 



1 + C™C 



By the Littlewood subordination principle Me,„ (wfe^ ) > M/im('"fe,„)- Since /Ue^ (m^^ ) = 
^fe™(Cm),byi]) 

= Wfc„(/i„(0)) + 2V7fc < 0(^m(O)) + 2V7fc + 7— ■ 

Note that \^J'h^{uk„J — A*/!,„('^)| < l/^m- So taking the limits as to -^ cx) in the 
inequality above we get 

^J,M{u)^ lim A*h,„(wfe,„) < hminf i7fc^(Cm) < hmsupiJfc„(Cm) < "(^A/)- 

m— >cx3 m— >-oo m—>oo 
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But /iM e Jzm{^) ^nd, therefore, 

^m{u)^ lim M/i„(wfc„J= lim i/fc,„ ((„) = u(zm)- 

771— ^oo m— >oo 

Since this equahty holds for aU /i € J^{L'), z = zm, it holds for all measures in 
Jz{L'). Hence u is harmonic on L' . Note that the last equality also proves the 
second claim of the theorem. D 



The following corollary follows immediately from Theorems 16.31 and 17.21 and the 
definition of ample sequences. 

Corollary 7.3. Let X he a 0-regular compact set and u G C{X) he a maximal 
plurisuhharm,onic Junction. Then for every zq € X there is a sequence L S Tzq {X) 
such that fjLL G J^^{X) and u is harmonic on L. Moreover, if L is ample then u is 
harmonic on clL. 



By Theorem 16.21 the values of maximal functions are determined by measures n 
in J^z{X) minimizing the functional pl{4>). For any such measure /x there is a totally 
perfect sequence L G Tz{X) with /xl — ^. As the following theorem shows the 
function u stays maximal on clL. 

Theorem 7.4. Let X be a compact set in C", let Z be a closed set in X containing 
Bx and let u e PSH'^{X) be a function maximal on X \ Z . If zq G X \ Z , 
A* € JzoiX), supp/i C Z, ^,{u) = u{zq) and L = {fj\ is a totally perfect sequence 
such that zl = zq and /i^ — fi, then u is maximal on c\L\ Z and B^il C Z . 



Proof. Let Y ^ c\L. By Lemma 2.2 in |P2| for every z £Y there is a totally perfect 
sequence M such that zm = z, c\M C clL, and supp /iM C supp /iL C Z. Hence, 
if z ^ supp^L then JziY) ^ {5z} and, consequently, z ^ Oy- Thus By C Z. 

To prove that u is maximal on y \ Z we replace L with L' = {gj} from Theorem 
17.21 It does not change neither clusters nor supports. If z e Y \ Z and {(j} is a 
sequence in D such that gjiCj) — >■ z as j — >■ (X), then the sequence of mappings 



contains a weak-* converging subsequence M such that zm = z, fiM G JT^{L') and 
supp/xj\/ C Z. By Theorem 17.21 ji m iu) — u{z) and by Theorem 16.21 it means that u 
is maximal onY\Z. D 

The example at the beginning of the previous section and continued after the 
proof of Theorem 16.21 explains why we had to require the continuity of u in the 
theorem above. If Zq = (1/2,0) we can take as L a constant sequence 

This sequence satisfies all requirements of Theorem 17.41 but cl L = Xi and u is not 
maximal on Xi because u{z, 0) = 1, z ^ 0, and u(0, 0) = 0. 

The following theorem summarizes our results regarding maximal functions and 
totally perfect sequences. The part (1) was proved in Theorems 16.21 and 17.41 The 
second part asserts the existence of a minimal sequence satisfying conditions of 
Theorem [Ql 
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Theorem 7.5. Let X be a compact set in C", let Z be a closed set in X containing 
Bx and let u G PSH'^{X) be a function maximal on X \ Z . For every point 
zq Cz X \ Z there is a totally perfect sequence L in X with the following properties: 

(1) Zi — Zq, ^.l{u) = u{zq), supp/Xi C Z and u is maximal on c\L; 

(2) if M G T{c\L), zm — Zq, supp/^A/ C Z and IjLm{u) — u{zo), then clL = 
c\M. 

Proof. We will prove the second part. Let S be the class of totally perfect sequences 
satisfying (1). We introduce a partial order on this set: L )^ M if clM C clL. Let 
^ be a totally ordered subset of S. Let us show that A has a minimal element in 
S. For every L (i A\ei Ul — C™ \ cl L. The sets Ul are open and by Lindelof 's 
Theorem (see [DS' Thm. 1.4.14]) there is a sequence of sets Ul , j — I, ■ ■ ■ , such 
thatULeAUL^U%^UL,. 

If z G Ul then z ^ c\Lj and 

liminin{zo,V,L,) =0 

for any open set V containing z. By Theorems 2.3 and 2.2 from |P2| there is a 
totally perfect sequence L such that zl = zoi IJ-l{u) = u{zq), supp/x^ C Z and 

clL = {zG C" : \immin{zo,V,L,) > 0}. 

Hence, clL lies in C" \ Ul'gaUl' — riL'eAclL' and this means that L < M for 
any M ^ A. Moreover, by Theorem 17.41 m is maximal on clL. Thus L ^ S and is a 
minimal element for A. By Zorn's lemma the class S has a minimal element L. 

If M G T(clL), Zm — Zq, supp/LtM C Z and UMiu) = u{zo), then M ^ L and 
by Theorem 17.41 M G S. But L is minimal and, therefore, cli = clM. D 
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